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Abstract 

We investigate coordinate independent SO(9) vector states in SU(2) Matrix 
theory. There are 36 vector states, and we determine what representations of 
SU(2) they are decomposed into. Among them we find a unique set of states 
transforming in adjoint representation. We show that this set of states can appear 
as the linear term in the coordinate matrices in Taylor expansion of zero energy 
bound state wavefunction around the origin i.e. it satisfies the condition of full 
supersymmetry. 
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1 Introduction 



Construction of zero energy normalizable wavefunction is one of the long standing problems in 
Matrix theory, and attempts from various viewpoint have been made. One of such attempts 
is to investigate Taylor expansion in the coordinate matrices Xf (i = 1, ... 9) around the 
origin. The first term of the expansion, which is independent of Xf , must be gauge and SO(9) 
invariant [1] . Construction of such states is not an easy mathematical problem, and in the case 
of SU(2) gauge group, it has been constructed in (21 13], and shown that it is unique[3] 0]. 

To construct higher terms in the expansion we have to classify more general states inde- 
pendent of Xf , This is important not only for constructing zero energy bound states, but 
also for constructing general gauge invariant wavefunctions in Matrix theory. The number of 
states independent of Xf is counted as follows: the fermionic matrix 6^ has 16 x (X 2 — 1) 
components for SU(X) gauge group, and out of them we can construct 8(X 2 — 1) creation 
operators. Therefore we have 2 8 ( Ar2 ~ 1 ) states. To deal with this large number of states, we 
need a systematic way of classification. This is also an interesting mathematical problem in 
its own right. 

As a modest step toward this, in this paper we consider SO (9) vector states independent of 
Xf in SU(2) Matrix theory. Such states appear in Taylor expansion of the zero energy wave- 
function as follows: As is always in supersymmetric systems, \ip) is necessarily annihilated 
by supercharge Q, which is given by 



Q = tr 



w^e + l -\x i ,x j ] 1 ij e 



where IP are the momenta conjugate to X 1 . must be gauge invariant, and moreover it has 
been shown in [1] that is SO(9) invariant. Therefore its Taylor expansion in Xf is given 
by 

M = |0)+Xf|^)+Xf/X« 2 |^> + ... 

oo 
n=0 

where \^"f^) are states constructed by acting creation operators made of 9^ on the vacuum 
for those operators. The leading term \<j>) has been constructed in [21 [3]. 

The equation Q\ip) =0 is decomposed into three independent sequences m = 0,1,2 



relating 



Ct 3 T > and 



ai...a 3(n+1 ) + 
»1— *3(n+l)+m /' 



and first two of those equations contain only one 



let 1 ); 

7^ a |C)=0, (1.3) 
7 <1 « ai |C*> = °» (1-4) 

= 2(3(n + 1) + m)X- . . . Xj^ 7 ^- > (1-5) 

where n — 0, 1, 2, . . . The first equation (11.31) restricts the first order term in X?. Since |</>") is 
an SO (9) vector, in this paper we investigate gauge transformation property of SO (9) vector 
states. In section 3 we enumerate SO (9) vector states and show that these states are classified 
into 15-, 11-, 7-, and 3-dimensional representation of SU(2). The 3-dimensional i.e. adjoint 
representation is a unique candidate of \(/>f). It is shown that it satisfies (11.31) . and therefore 
can be proportional to with a nonzero coefficient. Section 2 is for preparing notation 
and method for investigating representations of SU(2) through reviewing analysis of SO(9) 
singlet case in [I]. Calculations are made with the help of symbolic manipulation program 
Mathematica and the package for 7-matrix algebra GAMMAJS]. 

2 SO (9) singlets 

Before discussing SO (9) vector states, we quickly review SO (9) singlet states and show how 
we can extract representations of the gauge group from them. 

States are constructed by acting creation operators made of Q a a on the vacuum. When we 
fix the adjoint index a of the gauge group, we obtain states in the following representations of 
SO(9): 

symmetric traceless repr. \ij) , 
antisymmetric repr. \ijk) , 
vector- spinor repr. \od) . 

These satisfy \ii) = and (Y) a /3 = (Rarita-Schwinger condition). 

Action of 9 a on these states (intertwining relations [H H]) in our notation^ is 

0am = -^[tfum+tfMw], (2.1) 



"Our normalization is related to that in [3 0] by |u) thero = -5 Ki)here > K-7 fe )there = 3 \/ 2* Kj fe )here' and 
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0*\ijk) = -±=(^) a p\(3k]), (2.2) 

O a \m = -l^m-^il^-^^ljkl}, (2.3) 

where (7 l ) Q( g are 16 x 16 real and symmetric S0(9) gamma matrices, and [ijk] denotes anti- 
symmetrization with the factor 1/3!. 

Nonzero inner products of these states are 

(ij\kl) = -(SikSji + S jk S a ) - ^8 i:j 8 k i, (2.4) 
(ijk\lmn) = sl'SjjS, (2.5) 
(ai\/3j) = Wap-l^af,. (2.6) 

We have to take the adjoint indices into account and we obtain the above states for each index. 
For index a those states are denoted by |*) . Note that |*) does not necessarily transform as 
adjoint representation of the gauge group. 

Full states are constructed by taking products of states from each index, and in the case 
of SU(2) gauge group, SO(9) singlet states are classified into the following 14 states \I) (I = 
1,2,..., 14) 

|l) = |tf)il#> 2 l*»'>3> (2-7) 
|2) = e ijklmnpqr \ijk) 1 \lmn} 2 \pqr) 3 , (2.8) 

|3) = \ikl) 1 \jkl) 2 \ij) 3 , |4) = \jkl) 1 \ij) 2 \ikl) 3 , |5> = \ikl) 2 \jkl) 3 , (2.9) 



|6) = \ai) 1 \aj) 2 \ij) 3 , |7) = - \aj) 1 \ij) 2 \ai) 3 , |8) = \ai) 2 \aj) 3 , (2.10) 

|9> = {i k ) a p \ai) l \(3j) 2 \ijk) 3 , |10) = (7 fe )a/3 \ai) l \ijk) 2 \(3j) 3 , 

\ll) = (l k U\ i jk) 1 \m) 2 \Pj) 3 , (2.11) 

|12) = W kl U |ai> 1 \0i) 2 \jkl} 3 , |13) = W kl U \jkl} 2 1#> 3 . 

\U) = ^ kl U\ ] kl) l \ai) 2 \Pi) 3 . (2.12) 

At first glance it is not clear how these states transform under gauge transformation. It is read 
off by acting generators of the gauge group G a = \ j a bcQ h a Q c a - Since G a is always proportional 

^Note that for later convenience we put an additional sign factor on 57 in [4]: |7) = — Sr- 
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to the structure constant /i 23 in the SU(2) case, we use g a 
following. Representation matrix Mjj of g l on these states: 

g 1 \I) = M IJ \J), 



G a /if 123 instead of G a in the 



(2.13) 



can be computed using the intertwining relations (12. ip - (12. 31) . and its components are real in 
our notation. Explicit expression of Mu may be read off from the result given in [1]. In our 
notation M is given by § 



/ 



M 



\ 
























1:1 
9 


















































-48 








8 











(1 




















2 





(1 


1 




























9^/3 



























































































2 
3 






































1 








1 








7 





2 


2V3 




12 v' 3 



















1 








1 
















2 


2^3 


12V3 




9 











9 
2 















































V3 








-2 








1 

6 




















V3 








2 








1 

6 











1 

12 


6^ 


-6\/3 


















































2lV3 








-15 








1 

2 




















2lV3 








15 








1 

2 











~~ 1 


-9\/3 


9%/3 

































\ 



, (2.14) 



/ 



and representation matrices Nu and Ljj corresponding to g 2 and g 3 respectively are given by 
the following interchange of the indices: 



Lu 



M, 



/J I (3, 4, 5)-s> (4, 5, 3), (6, 7,8)^(7, 8, 6), (9, 10, ll)-s> (10, 11, 9), (12, 13, 14)^.(13, 14, 12) , 



Mr 



'/J I (3,4,5)-s>(5,3,4), (6, 7,8)-s>(8,6,7), (9,10,11)^(11,9,10), (12,13,14)-s>(14,12,13) • 

For example, iV^n = M 4j g, Lij = Mi j6 . 

For an eigenvector vi and corresponding eigenvalue A of M T : 

vtMu = Xvj, 



(2.15) 
(2.16) 



(2.17) 



vj \I) gives an eigenvector of g 1 corresponding to the eigenvalue A. As is well-known, for 
any unitary representation of SU(2), spectrum of eigenvalues of G 1 / fu3 = ig 1 are given as 
a disjoint union of sets in the form of (— j, + — l,j), where j is nonnegative half 

integer. Since the spectrum of eigenvalues of iMjj is given by 



0,0,1,-1,2,-2,3,-3,4,-4,5,-5,6,-6, 
there are one singlet and one "spin 6" representation. 



(2.18) 



* There are some discrepancies between our result (12. 14|) and that read off from [4]. We think our result is 
correct because it gives an appropriate eigenvalue spectrum (|2.18j) and passes the test of hermiticity. However 
both results give the same eigenvectors of eigenvalue and the conclusion about SO(9)xSU(2) singlet is 
common. We thank M. Hynek and M. Trzetrzelewski for correspondence about this point. 
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One may wonder why i/ 123 M is not hermitian, while G 1 is a hermitian operator. This is 
because the basis {\I) ; I = 1, . . . 14} is not orthonormal. Indeed, Pjj = (I\J) is given by 
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and we have checked that ifusMj^Pix — (I\G 1 \ J) is hermitian. 
g l has two eigenvectors corresponding to the eigenvalue 0: 
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72576 















2646 



72576 



(2.19) 



,(2) 



(0,0,1,1,0,0,0,0,0,0,0,0,0,0), 
(-6/13, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0), 



(2.20) 
(2.21) 



and only the combination v^ 1 ' gives a state of eigenvalue for g 2 and g 3 . In other words, 
the following state IS"): 

\S) = ~ \jk) 2 \ki) 3 + \ikl) 1 \jkl) 2 \ij) 3 + \ikl) l \ij) 2 \jkl) 3 + \ikl) 2 \jkl) 3 (2.22) 

is the unique SU(2)xSO(9) singlet statej3jH], and \<f>) must be proportional to \S). 

To construct the spin 6 representation, and for later use, we consider general representations 
of integer spins. Such representations can be constructed as symmetric tensor products of 
adjoint (spin 1) representations with the tracelessness condition, i.e. a (2n + l)-dimensional 
(spin n) representation is given by states \a%a 2 . . . a n ) which satisfy 

\a\a 2 ■ ■ ■ a-m-lO"m a m+l ■ ■ ■ a n) = l^m^ ■ ■ ■ a m-l a l^m+l • • • 0>n) > \ciCia3 . . . (X n ) = 0, (2.23) 

and we define indices ± as follows: 



\±a 2 ...a n ) = —(\2a 2 ...a n )±i \3a 2 . . . a n )). 
a/2 



(2.24) 



Then, from the tracelessness condition, |H — . . . a n ) = — \ \\\a^ . . . a n ). This representation 
has the unique eigenvectors of ig 1 corresponding to the eigenvalue 0, m, and — m: 



V|1...1) = 0, 
ig 1 ]!... ! + •••+) = -m|l... ! + ••■+), 



(2.25) 
(2.26) 



ig l \l . . A^_--) =m\l...l^_--). (2.27) 

m m 

Operators ig = -j^{g 2 ± ig 3 ) increase and decrease numbers of + and — in these states: 

ig + \ + --- + l^A) = m| + + (2.28) 

m m—1 

ig + \l . . • ) = (-l) m m\l . . . >, (2.29) 

m m—1 

ig~\ l^A) = (-l) m m| h^2)> ( 2 - 30 ) 

m m—1 

+ =m|l...l + ---+). (2.31) 

m m—1 

Now the construction of the spin 6 representation is straightforward. The eigenvector of iM T 
corresponding to the eigenvalue 6 is 

(0, -3i, -108^, 108^, 0, 0, 0, 0, 0, 0, -96, 0, 0, 8), (2.32) 



The rest of states are constructed by acting g + succes- 

- 108^ |3) + 108^ |4) - 96 |11) + 8 |14) , 

>, 

1), 

---11), 

(2.33) 

Since it is not illuminating, we do not write down explicit expressions of all of these states. 
We only give 1 1 1 1 1 1 1 ) , which is in the kernel of ig 1 : 

1111111) = -l^9 + f\ ) 

= 324 |1) + 432^3i |3) + 432\/3i |4) - 702^ |5) 

= 432v / 3^-y^ 1) |/) + ^ 2) |/)), (2.34) 

and is orthogonal to the state (12.221) . These states may appear in Taylor expansion of zero 
energy wavefunction in the form of (X£ X£)(X% X£)(X£ X^) \ ai a 2 a 3 a 4 a 5 a 6 ) . 



which corresponds to 
sively: 



) = -3i|2) 

I 1>=^|- 

I ll)=-Ug + 

I Hl)=^ + |- 
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3 SO (9) vectors 



In this section we investigate SO (9) vector states, and as in the previous section we analyze 
their transformation property under gauge transformation from the viewpoint of the eigenvalue 
spectrum of the representation matrix. 

There are 36 sets of states in SO(9) vector representation, and they are denoted by | J, a, i), 
where / = 1, 2, . . . , 12. When \I, 1, i) takes the form of |* 2 ) 2 1*3)3; \I, 2, i) and \I, 3, i) are 
given by |* 1 ) 2 |* 2 } 3 |* 3 ) 1 and |*i) 3 |* 2 )i 1*3)2 respectively. Note that \I, a, i) does not necessarily 
transform as SU(2) adjoint representation. 

Explicitly, \I,a,i) are defined as follows: 

|1,M> = liO^Oa, |l,2,i) = \kl) i m) 2 \jl) 3 , |l,3,i) = |iOi \kl) 2 \ijk) 3 , (3.1) 

\2,l,i) = \ijk) 1 \jlm} 2 \klm) 3 , \2,2,i) = \klm) 1 \ijk) 2 \jlm) 3 , 

I 2 , 3, i) = \jlm) 1 \klm} 2 \ijk) 3 , (3.2) 

|3, 1, i) = \ak} 2 \/3k) 3 (7 J W, |3, 2, i) = - \/3k} 1 \ij} 2 \ak) 3 (7 J W, 

|3, 3, i) = \ak) 1 \/3k} 2 \ij) 3 (y')ap, (3.3) 

|4, 1, i) = \jk) 1 \ai) 2 \pj) 3 (7%, |4, 2, i) = - \jk) 2 \ai) 3 (7%, 

|4,3,i) = |m) 1 |/3j) 2 |jA;)3(7%, (3.4) 

|5, 1, i) = \jk) 1 \aj) 2 \pi) 3 ( 7 fc ) a/3 , |5, 2, 1) = - \f3i) l \jk) 2 \aj) 3 (7%, 

\5,3,t) = \aj) 1 \f3t) 2 \jk) 3 ( 1 k U, (3.5) 

|6,l,i) = \jk) 1 \aj) 2 \/3k) 3 (7%^ |6,2,i) = -\pk) 1 \jk) 2 \aj) 3 (YU, 

\6,3,z) = \aj) 1 \Pk) 2 \jk) 3 WU, (3.6) 

|7, 1, i) = \ijk) 1 \aj} 2 \ak} 3 , |7, 2, i) = - |aA;) 1 |ijfc) 2 |cr/') 3 , 

|7, 3, i) = (aj^ \ak) 2 \ijk) 3 , (3.7) 

|8,l,i) = \i 3 k) l \al)2W)z(l 3k Ui |8,2,z> = -|/3Z) 1 |ufc) 2 |aZ)3(y'%, 
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|8, 3, i) = \al) 1 \Pl) 2 \ijk) 3 tf k ) Qf) , (3.8) 

|9,l,i) = \jkl) 1 \ad) 2 \pi) 3 (>f k ) 0l f } , \9,2,i) = -\(3l) 1 \jkl) 2 \m) 3 (^ k U, 

|9,3,z) = |m) 1 |^) 2 \jkl) 3 (-f k ) a p, (3.9) 

|10, 1, i) = {jkl), \al) 2 |/3z> 3 |10, 2, i) = - |jfcZ> 2 |aZ) 3 

|10,3,i) = |aZ) 1 |/3i) 2 |jA:Z)3(y%, (3.10) 

|H, 1,0 = [jkl^laj^m^^U, \U,2,i) = -m i \jkl) 2 \aj) 3 (j u ) aP , 

\ll,3,t) = \aj) 1 \pk) 2 \jkl) 3 (Y l U, (311) 

|12, = ^ |am> 2 |/3m) 3 ( 7 ^) a/3 , |12,2,i) = - |/3m)i |jfcZ> 2 |am) 3 (7* iW )^, 

|12,3,i) = \am) 1 \/3m} 2 \jkl) 3 ^ ijk % p . (3.12) 

In the following, components of vectors corresponding to the above states are placed in the 
order in flSZEl)-(|3.12|). For example, U(i )2 ), U(i,3), ^(2,1), ^(2,2), ^(2,3), • • • ) for v (Ia) . Under 

this rule, representation matrix of g 1 : 

g l \I, a, i) = M( Ja))(J6) | J, 6, i) , (3.13) 

which is calculated by using the intertwining relations, is given as follows: 

M(x, lWh) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 

13/9, 0, 0, 1/9, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M ih 2UJ b ) = (0, 0, 0, 0, 0, 0, 1/(9V5), 0, 0, -7/(9^3), 0, 0, -1/(9^3), 0, 0, 8/(9^3), 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (1 ,3 UJb) = (0, 0, 0, 0, 0, 0, -l/(9\/3), 0, 0, 1/(9^), 0, 0, 7/(9^3), 0, 0, -8/(9^3), 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 

M i2 ,i U Jb) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 

22/27, 0, 0, 10/27, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 

M m ,( Jb ) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 

8/27, 0, 0, 2/27, 0, 0, 5/27, 0, 0, 1/27, 0, 0, 4/27, 0, 0, 1/27, 0, 0), 
M (2i3 ),(j fe ) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 



8/27, 0, 0, 2/27, 0, 0, 1/27, 0, 0, 5/27, 0, 0, -4/27, 0, 0, -1/27, 0, 0), 
M ( 3,i),(j 6 ) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (3 ,2),(J6) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,9/4,0,0,-1/2, 

0, 0, —a/3/2, 0, 0, v^/12, 0, 0, 0, 0, 0, -17\/3/24, 0, 0, \/3/2, 0, 0, -\/3/36), 
M ( 3,3),(j 6 ) = (0,0,0,0,0,0,0,0,0,0,-9/4,0,0,0,0,0,1/2,0, 

0, -\/3/2, 0, 0, \/3/12, 0, 0, -17\/3/24, 0, 0, 0, 0, 0, -\/3/2, 0, 0, \/3/36, 0), 
M(4,i),(j 6) = (0,6^/3,0,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (4 , 2 ),(j b ) = (0,0,0,0,0,0,0,0,9/4,0,0,0,0,0,0,0,0,0, 

0, 0, 2\/3/3, 0, 0, -7\/3/12, 0, 0, -\/3/6, 0, 0, \/3/6, 0, 0, -I/a/3, 0, 0, a/3/24), 
M (4 ,3),(j b ) = (0,0,0,0,0,0,0,0,0,0,0,0,0,-7/4,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -llv^/8, 0, 0, 0, 0, 0, 0, 0), 
M ( 5,i),(j 6 ) = (0,0,-6^/3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (5 ,2),(j b ) = (0,0,0,0,0,0,0,0,0,0,0,7/4,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, -ll\/3/8, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (5 ,3),(J6) = (0,0,0,0,0,0,0,-9/4,0,0,0,0,0,0,0,0,0,0, 

0, 2\/3/3, 0, 0, -7V3/12, 0, 0, \/3/6, 0, 0, -\/3/6, 0, 0, l/\/3, 0, 0, -a/3/24, 0), 
M( 6i i) i( j 6 ) = (0,-6\/3, 6\/3, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (6>2) , (Jb) = (0,0,0,0,0,0,0,0,0,0,0,1/2,0,0,0,0,0,-1/2, 

0, 0, —a/3/6, 0, 0, -7\/3/12, 0, 0, -\/3/12, 0, 0, 0, 0, 0, -a/3/6, 0, 0, -7\/3/36), 
M( 6>3 ),(j 6 ) = (0,0,0,0,0,0,0,0,0,0,0,0,0,-1/2,0,0,1/2,0, 

0, -\/3/6, 0, 0, -7\/3/12, 0, 0, 0, 0, 0, -a/3/12, 0, 0, \/3/6, 0, 0, 7\/3/36, 0), 
M (7il)i(Jb) = (-9,0,0,-15/2,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (7i2)i(J6) = (0, 0, 0, 0, 0, 0, 0, 0, 1/(4a/3), 0, 0, -1/(W3), 0, 0, -1/(W3), 0, 0, l/(2\/3), 

0, 0, 1/6, 0, 0, -1/3, 0, 0, -1/24, 0, 0, 17/24, 0, 0, -1/6, 0, 0, 1/8), 
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M (7 ,3),(j 6) = (0, 0, 0, 0, 0, 0, 0, 1/(W3), 0, 0, -1/(4^3), 0, 0, -1/(W3), 0, 0, 1/(2^), 0, 
0, -1/6, 0, 0, 1/3, 0, 0, -17/24, 0, 0, 1/24, 0, 0, -1/6, 0, 0, 1/8, 0), 

M (8>1) , (Jb) = (-18,0,0,-51,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 

M( 8 ,2),{Jb) = (0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 3-^/2, 0,0,2^, 

0, 0, -14/3, 0, 0, 1/3, 0, 0, -1/3, 0, 0, -1/12, 0, 0, 8/3, 0, 0, 0), 
M (8 , 3 ),(j b ) = (0,0,0,0,0,0,0,0,0,0,3v^/2,0,0,0,0,0,2v^,0, 

0, 14/3, 0, 0, -1/3, 0, 0, 1/12, 0, 0, 1/3, 0, 0, 8/3, 0, 0, 0, 0), 
M (9il) , (Jb) = (0,0,0,0,-18,0,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M( 9l 2),(j6) = (0,0,0,0,0,0,0,0,3^/2,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 20/3, 0, 0, 1/6, 0, 0, -1/3, 0, 0, 1/3, 0, 0, -2/3, 0, 0, 1/12), 
M (9i3 ),(j6) = (0,0,0,0,0,0,0,0,0,0,0,0,0,7v^/2,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 17/4, 0, 0, 0, 0, 0, 0, 0), 
M (10 ,i),(j b) = (0,0,0,0,0,-18,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M {w ,2),(j b) = (0,0,0,0,0,0,0,0,0,0,0,7v^/2, 0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -17/4, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M (10 ,3),(j b) = (0,0,0,0,0,0,0,3^/2,0,0,0,0,0,0,0, 

0, 0, 0, 0, -20/3, 0, 0, -1/6, 0, 0, -1/3, 0, 0, 1/3, 0, 0, -2/3, 0, 0, 1/12, 0), 
M { u,i UJb) = (0,0,0,0,-9,9,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M {11 ,2 Wb) = (0, 0, 0, 0, 0, 0, 0, 0, 1/(W3), 0, 0, 11/(4^3), 0, 0, -1/(4^3), 0, 0, -10/(4^3), 

0, 0, -11/6, 0, 0, -5/6, 0, 0, -29/24, 0, 0, 17/24, 0, 0, -13/6, 0, 0, -1/24), 
M (11 ,s Wb) = (0, 0, 0, 0, 0, 0, 0, -1/(V3), 0, 0, 1/(4^3), 0, 0, -11/(4^3), 0, 0, 10/(4^3), 0, 

0, -11/6, 0, 0, -5/6, 0, 0, 17/24, 0, 0, -29/24, 0, 0, 13/6, 0, 0, 1/24, 0), 
M(i2,i),(j 6) = (0,0,0,0,-144,144,0,0,0,0,0,0,0,0,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
M {1 2,2),(jb) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,9^/2,0,0,-15^, 
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0, 0, -29, 0, 0, -1/2, 0, 0, 2, 0, 0, -1/4, 0, 0, -7, 0, 0, -1/2), 
M {12 ,3),(Jb) = (0,0,0,0,0,0,0,0,0,0,-9^/2,0,0,0,0,0,15^,0, 

0, -29, 0, 0, -1/2, 0, 0, -1/4, 0, 0, 2, 0, 0, 7, 0, 0, 1/2, 0). (3.14) 

This matrix also gives actions of g 2 and g 3 on \I, a, i): 

g 2 \I,a,i) = Af(/ >0 _i) > (j >6 _i) \J,b,i) , g 3 \I,a,i) = M (I , a+1)Ub+1) \J,b,i) , (3.15) 

where indices a,b, . . . are defined modulo 3. 
The eigenvalue spectrum of iM T is 

0, 0, 0, 0, 1, 1, 1, 1, -1, -1, -1, -1, 2, 2, 2, -2, -2, -2, 

3, 3, 3, -3, -3, -3, 4, 4, -4, -4, 5, 5, -5, -5, 6, -6, 7, -7, (3.16) 

and we see there is one spin 7, one spin 5, one spin 3 and one spin 1 representation. 

As a check of the correctness of the above M, we have confirmed that ifi2z^(Jb),(Kc)P(ia),(Kc)^ij 
(I,a,i\G 1 \J,b,j) is hermitian, where nonzero components of P(i a ),(jb)^ij = {I, a ,i\J,b,j) = 
P(Jb),(ia)8ji are 



= -P(l,2),(l,2) = -P(l,3),(l,3) = 77/3, 
f(2,l),(2,l) = -P(2,2),(2,2) = -P(2,3),(2,3) = 196/9, 
^(2,1),(2,2) = ^(2,1),(2,3) = ^(2,2),(2,3) = 56/9, 
^(3,1),(3,1) = P (3,2),(3,2) = ^(3,3),(3,3) = 6776/9, 
P(3,l),(4,l) = P (3,2),(4,2) = ^(3,3),(4,3) = 77, 
-P(3,l),(5,l) = -P(3,2),(5,2) = -P(3,3),(5,3) = 77, 
P (3,l),(6,l) = P (3,2),(6,2) = ^(3,3),(6,3) = "154/9, 
P(4,l),(4,l) = P (4,2),(4,2) = ^(4,3),(4,3) = 792, 
^(4,1),(5,1) = ^(4,2),(5,2) = ^(4,3),(5,3) = 99, 
-P(4,l),(6,l) = -P(4,2),(6,2) = -P(4,3),(6,3) = 176, 
P(5,l),(5,l) = -P(5,2),(5,2) = -P(5,3),(5,3) = 792, 
^(5,1),(6,1) = P (5,2),(6,2) = ^(5,3),(6,3) = 176, 
P (6,l),(6,l) = P (6,2),(6,2) = ^(6,3),(6,3) = 6281/9, 
P(7,l),(7,l) = P(7,2),(7,2) = P(7,3),(7,3) = 455/3, 
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P (J,1),(S,1) = P (7,2),(8,2) = P(7,3),{8,3) = 322/3, 
^(7,1),(9,1) = P (7,2),(9,2) = ^(7,3),(9,3) = -28, 
-P(7,l),(10,l) = -P(7,2),(10,2) = -P(7,3),(10,3) = ~ 28, 
-P(8,l),(8,l) = -P(8,2),(8,2) = -P(8,3),(8,3) = 8288/3, 
^(8,1),(9,1) = ^(8,2),(9,2) = f(8,3),(9,3) = 364, 
^(8,1),(10,1) = P (8,2),(10,2) = f(8,3),(10,3) = 364, 
^(9,1),(9,1) = ^(9,2),(9,2) = ^(9,3),(9,3) = 2016, 
f(9,l),(10,l) = f(9,2),(10,2) = f(9,3),(10,3) = 84, 
-P(9,1),(H,1) = -P(9,2),(ll,2) = -P(9,3),(ll,3) = —420, 
^(9,1),(12,1) = ^(9,2),(12,2) = f(9,3),(12,3) = 1596, 
^(10,1),(10,1) = P (10,2),(10,2) = ^(10,3),(10,3) = 2016, 
f(10,l),(H,l) = ^(10,2),(11,2) = f(10,3),(ll,3) = 420, 
^(10,1),(12,1) = ^(10,2),(12,2) = ^(10,3),(12,3) = -1596, 
-P(ll,l),(ll,l) = ^(11,2), (11,2) = -P(ll,3),(ll,3) = 966, 
f(ll,l),(12,l) = f(ll,2),(12,2) = f(ll,3),(12,3) = 1596, 
f(12,l),(12,l) = P(12,2),(12,2) = f(12,3),(12,3) = 47712. (3.17) 

Let us construct representations of the gauge group from higher ones. First, the eigenvector 
of iM T corresponding to the eigenvalue 7: 

M ( 7 < ? ) = (0,0,0,0,0,0,0,0,0,0,0,2^,0,2,0,0,0,0, 

0, 0, 0, 0, 0, 0, 0, 0, -iV3, 0, v^, 0, 0, 0, 0, 0, 0, 0) (3.18) 

gives the state | , i) in the spin 7 representation: 

| ,i) = u^\I,a,t). (3.19) 

Here states in this representation are denoted by |ai . . . a-j,i). States in the lower represen- 
tations are also denoted analogously. Other states in this representation are obtained by 

successive action of ig + on | , i). We write down only the following 3 states in 

eigenspaces of %M T corresponding to the eigenvalues 5,3, and 1 respectively: 

| i M ) = -^{ig + ) 2 \ ,i)=u™\I,a,i), (3.20) 

I 1111,0 = ^9 + Y\ ,i)=u™\I,a,i), (3.21) 
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where 



|-llllll,i> = -^(^ + ) 6 ! ,i)=u™\I,a,i), (3.22) 



m (7 ' 5) = -J- • (0,0, 0,0, 0,0, 0,8,-8^,0,-8, 14i, 0,-14, 8i, 0,64, -64i, 
126 

0, -32V3, — 32i>/3, 0, -8^, — 8i>/3, 0, — 4>/3, ^v 7 ^, 

0, v^, — 4iV3, 0, 16-V/3, -16i-\/3, 0, 4^3, — 4i>/3), (3.23) 

m {7 ' 3) = — ^— = - (0, 0, 0, 0, 0, 0, 0, 8V3, 8i>/3, 0, 88-\/3, — 26«V3, 
420^3 

0, -26V3, 88iV3, 0, 64^, teiy/Z, 0, 672, -672i, 

0, 168, -168i, 0, -156, 15i, 0, -15, 156i, 0, 48, 48i, 0, 12, 12i), (3.24) 



— 1 —= ■ (0, 0, 0, 0, 0, 0, 0, -16V3, 16iV3, 0, 304^, -MiVs, 
168y3 

0, 34^, -ZQUy/Z, 0, -128^, 128iV3, 0, -576, — 576i, 

0, -144, -144i, 0, -408, 3i, 0, 3, -408i, 0, -96, 96i, 0, -24, 24i). (3.25) 

Next let us construct the spin 5 representation. The eigenspace of %M T corresponding to the 
eigenvalue 5 is 2 dimensional, and in this space the following i^ 5,5 ) is orthogonal to u^ 1 ^ i.e. 

-(7,5) D (5,5) n 

u (5,5) = (0, 0, 0, 0,0, 0,0, 88, -88i,0, -88, -2i, 0,2,88^,0, 2, -2i, 
0, -118^, -UBiVs, 0, 29^, 29iVs, 0, -UVs, lliVs, 
0, llV3, -UiV3, 0, — 58>/3, 58iV3, 0, 5^3, -5iV3). (3.26) 

This gives | ,i) in the spin 5 representation: 

I ,i)=ufi%\I,a,i). (3.27) 



"(Ja) 

Other states in this representation are obtained by successive action of ig + on | 

We just show the following 2 states in eigenspaces of %M T corresponding to the eigenvalues 3 
and 1 respectively: 

I 11,0 = ~^9 + f\ ,0HX)IW>, (3.28) 

1-1111,0 = i^fa + ) 4 | ,i)=u$2\I,a,i), (3.29) 



where 



m (5 - 3) = ^- • (0, 0, 0, 0, 0, 0, 0, 320, 320i, 0, 400, 130i, 0, 130, 400i, 0, -950, — 950i, 
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0, 354^, -354^^3, 0, -87^3, 87iV3, 0, 0, -99iVS, 0, 99^3, 0, 
0, -114V3, -lUiVs, 0, 69VS, 69iVs), (3.30) 
m (5 ' 1} = • (0, 0, 0, 0, 0, 0, 0, 500, -500i, 0, -140, 770i, 0, -770, UOi, 0, 490, -490i, 

0, 826^, 826iV3, 0, -203^, -203^, 0, -66^, 297^, 

0, 297^, -66iV3, 0, -378^, 378^^3, 0, 3^, (3.31) 

Then let us construct the spin 3 representation. The eigenspace of %M T corresponding to the 
eigenvalue 3 is 3 dimensional, and in this space the following i/ 3,3 ) is orthogonal to i^ 7 ' 3 ) and 

M (5,3). 

M (3,3) = (o,0,0,0,0,0,0,98,98i,0,82,-26i,0,-26,82i,0,28,28i, 
0, -60^, 60^, 0, 12-V/3, -12iV3, 0, 27^, 9iV3, 
0, —9^3, -27iVs, 0, 12^3, 12iVs, 0, —3^3, -3n/3). (3.32) 

This gives | ,i) in the spin 3 representation: 

I ,i)=ug#|J,a,i). (3.33) 

Other states in this representation are obtained by successive action of ig + on | We 

show the following state in the eigenspace of %M T corresponding to the eigenvalue 1: 

1 

gV^y ) 1 » "i - "(/o) 



1-11, i) = -"-{ig + ?\ ,i)=uf$\I,a,i), (3.34) 



where 



w (3,1) = i • (0, 0, 0, 0, 0, 0, 0, 98, -98i, 0, -62, -118i, 0, 118, 62i, 0, 28, -28i, 
0, lOOv^, lOOiv^, 0, -20^, -20iv / 3, 0, 3^, — 33za/3, 
0, -33V3, 3iV3, 0, 12^, -12^, 0, — 3>/3, 3iV3). (3.35) 

Finally, let us construct the spin 1 representation. The eigenspace of %M T corresponding to 

the eigenvalue 1 is 4 dimensional, and in this space the following u^ 1,1 ) is orthogonal to i^ 7 ' 1 ), 
u (5,i) and u (3,i) : 

u {1 ' 1] = 4= • (0, 0, 0, 0, 0, 0, 0, 148, -U8i, 0, -112, 112i, 0, -112, 112i, 0, -112, 112i, 
v2 

0, 0, 0, 0, 0, 0, 0, 13^, -13i"\/3, 0, -13^3, IZiy/Z, 

0, 182 v^, — 182iV3, 0, — 13a/3, 13n/3). (3.36) 
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This gives in the spin 1 representation: 

K') = U (Ia) l J ' a ^) • ( 3 - 37 ) 

From |— , i) we can construct |1, i) and |+, i). Then we see that those three states are written 
in the following compact form (a = 1, 2, 3): 

\a,i) = 148 1 3, a, i) — 112 (|4, a, i) + |5, a, i) + |6, a, i)) 

+13V3(|9, a, i) - |10,a,i) + 14 |11, a, z) - |12,a,i» . (3.38) 

Now it is easy to confirm the full transformation property of these states: 

G a \b,i) = -if abc \c,i). (3.39) 

Actually we can easily construct a set of states in (adjoint) x (vector) representation of 
SU(2)xSO(9) from the singlet state \3): 

foAMapPpffl , (3.40) 

and this should be proportional to \a,i). Indeed, we have confirmed that 

k<>=-T7-/-^i(7'M||5>. (3.41) 

4/123 

Since only \a,i) transforms as adjoint representation of the gauge group, \(/>f) must be 
proportional to \a, i), and now the question is if it satisfies (11.31) or not. To calculate 7*6 |a |a, i), 
we first note that ^O 2 \I, 2,i) and 7*# 3 \I,3,i) are given from rfO 1 by the following 

replacement: 

( 7 ^ 2 ) Q |/,2,*> = (WWW) , (3.42) 

l*l>ll*2> 2 |*3> 3 ^l*l>2 l*2> 3 |*3>i 

(yfl 3 ) Q |/,3,*> = tfPMl^i) , (3.43) 

|*1> 1 |*2> 2 |*3> 3 ->|*1> 3 |*2> 1 |*3>2 

and we need the following Fierz transformations to rewrite 7*6 |2 1 1, 2, i) and 7*6 |3 \I, 3, i) in the 
same form as rfO 1 

1 4 1 

(ro^ 15k), |/K> 2 l T i>3 (T 2 )^ = T7§E^ 

n=0 

x( 7 Jl - i ")«/ 3 \Pk)i lT*> 2 |5j) 3 (rf^-^r^)^, (3.44) 
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-1) 



FiU \iA \sk) 2 \pi) 3 (r 2 ) 7 , = l£l(-i)*»<»- 

n=0 

x(7 ll - i ") a / 3 |/3j) 1 |7A:) 2 |^)3(r^7 n -"r 
After straightforward calculation using these we obtain 
( 7 i n«|3,a,*> 



(Yn a |5,a^) 



(y0<%|6,a,i) 



(7 i n«|9,a,z) 



(yr)a|io,a,i) 



11 . . 11 . . 11 . 

l.a) 2, a) 3, a) 

3 24 1 ' 7 24 1 ' 7 



11 . . 11 . . 11 , . 11 . 

H 5, a) H 6, a) 8, a) H 9, a) 

^24 17 24 1 7 48 



48 



11 



\12,a) 



11 
144 



1 13, a) , 



144 

115 3 

II, a) + - 12, a) 13, a) 14, a) 

24 4 1 ' 7 8 1 7 8 ' 1 

7 13 7 1 

-777 I 5 -") + 777 |6,a> - 7^ |7,a> - — |8,a) 



24 
1 



48 



|11, a) 



' '12,a) + I i i |13,a) 



72 



12 

— - 19, a) + - - 
16 1 7 288 

1 15, a) , 

1152 1 7 

"^|l,«>-f |2,a> + J|3,a> + ||4,a 

13 , , 7 , , 7 , 1 



+ 



12 |6,a) + — |7,a) + — |8,a) 



'12,a)-^|13,a) 



144 



24 ,5,a) 
+ 2l |9 ' a) + 24 |n ' a) 

-iik 115 '^' 

7 7 7 1 

1, a) H 2, a) H 3, a) H — 1 5, a) 

12 1 ' 7 24 1 ' 7 24 1 ' 7 8 1 7 

+ - |6,a) - — |8,a) + — |9,a) - — |ll,a) 



8 



16 



48 



+ 



144 



1 



5 ,r 

+ - |5, a 



12, a 
1 

12 



1 , 1 

'13, a) 1 15, a) , 

' 7 576 1 7 



144 

l,a) + ^|2,a)-^|3,a) + ^|4,a) 
11 



l 6 >«) + 777 I 7 '") + 



6 1 ' ' 12 1 ' ' 24 

111 1 
+ - 110, a) + - 19, a) + — 111, a) + — 12, a) 
6 1 7 8 1 7 48 1 7 18 1 7 

--^ |13,a) - — |14,a) + 4- l 15 - a ) 



72 1 ' ' 12 1 ' ' 576 

\l,a) - \\Z,a) + - A %a) + -\A,a) 



1 



1 

12 



V3 

-f I 6 ' «) + 777 I 5 ' a ) + 777 I 7 ' a > + \ I 9 ' a > 



6 



12 



24 



16 



{Y6 a ) a \U,a,i) 



(f0 a ) a \12,a,i) 

where 



11, 


a) 


= \ai} l \lj) 2 \Sj} 3 (i%s, 


(3.54) 


|2, 


a) 


= (7%/3|A7>iM> 2 l7J> 3 , 


(3.55) 


|3, 


a) 


= (yMA?>il7j> 2 M>3> 


(3.56) 


|4, 


a) 


= (7%l&W>2l**>s(7°"U 


(3.57) 


|5, 


a) 


= ( 7 lJ ) a/3 |/3A;) 1 |^) 2 l^)3(7 J ) 75 , 


(3.58) 


|6, 


a) 


= ( 7 ^l/^>il7^> 2 N 3 (7 J U 


(3.59) 


|7, 


a) 




(3.60) 


|8, 


a) 




(3.61) 


|9, 


a) 


= (i tjk u\m 1 \ii) 2 \^3(i jk u 


(3.62) 


10, 


a) 


= (7 y %l/30il7<>2l«>3(7* , U 


(3.63) 


11, 


a) 


= (7°'% l#>i It™> 2 |5m) 3 ( 7 ^) 75 , 


(3.64) 


12, 


a) 


= (7^% /3 |« 1 |7i) 2 l^) 3 ( 7 ^) 75 , 


(3.65) 


13, 


a) 


= (7^)a/ 3 |« 1 | 7 m) 2 |^) 3 (7 J ' fe %, 


(3.66) 


14, 


a) 


= (7 ijfe %/3|« 1 | 7 i) 2 |^) 3 ( 7 ^) 75 , 


(3.67) 


15, 


a) 


= (7 yH )^l^>il7n>2l*n>8(7 yHm )7*- 


(3.68) 



Therefore, 

(fO a )a\a,i) 



— 110, a) + - 18, a) 111, a) 112, a) 

6 8 1 1 48 1 1 72 1 ' 1 



+T^I 13 ^) + 7^l 14 '«) 



576 



|15,a) 



1 

7 



31 
12 



1, a) |2, a) 



|3, a) 



12 



|5,a) 



12 |6,a> + ^|8,a>-i|10,a>- A| 9ja ) 



24 

— — 1 15, a 
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72 
1 - 

15 



105 .„ , 105 lo . 15 | . 15 .„ . 
— |2, a) - — |3, a) - — |5, a)- — |6, a) 

15 



(3.51) 



(3.52) 



10 10 o o 1 

+ y |8, a) - — |9, a) + |11, a) + - |12, a) - - |13, a) J , (3.53) 



= -13|8,a) + 13|9,a)-26|10,a) 



239 
72~ 



11, a) 
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-y |12, a) + y |13, a) + 13 [14, a> - ^ |15, a) . (3.69) 

In this calculation we did not take 7 12 --- 9 = 1 into account. If we use it we see that the above 
15 states \I,a) are not independent. First note that the following hold from ^y 12 - - 9 = 1: 

. . (_D±n(n-l) ... 
,y*l-*n _ V I e *l...t9^tn+l».»9, (3.70) 

(9 — n)! 

and 

(7 il - in ) a fl(Y 1 - Wl - im )75 = (-l)3"»( m+2n - 1 > 7 (yi..Jm*l-*9-n-m) ( 7 fcl...*9-»-m) 

(9 — n — m)! 

(3.71) 

With (I3.7ip and the Rarita-Schwinger condition, we can show the following: 

|15,a) = (7 yWm )^l^>il7n> 2 |*n> 8 (7 yJU )^ 
= -^%^m)^n) 2 \5n) z {^ km ) lS 

= -4 |11, a). (3.72) 

Furthermore, from the Rarita-Schwinger condition, = {^ kl 7 m ) a p \f3m) 1 \Sj) 3 (•y kl )- y s, 
and by expanding the product of the gamma matrices, 

Hi tkl U Mx \ii)2 \Sj) a d kl U - ii m U Wx l7i> 2 m s {i kl U 

= [8, a) - |9, a) + 2 |10, a) + (j ijklm U l7*) 2 l^*) 3 (3-73) 

Applying (I3.7ip to the last term of the above and expanding the product of gamma matrices, 
we obtain 

= |8, a) - |9, a) + 2 |10, a) + ~ [12, a)-- [13, a) - [14, a) + — [15, a) . (3.74) 

3 3 12 

Similarly, from = {^ klm ^ n ) a i3 \/3n) 1 [72)2 \Sj) 3 (7 Hm ) 7 <5, we obtain 

= 3 [8, a) - 3 [9, a) + 6 [10, a) - [11, a) - [12, a) + [13, a) + 3 [14, a) . (3.75) 
Using (I3.72j) . (13. 74ft and (13. 75 p . we can see that the right hand side of 1 13. 69 p is in fact zero: 

7 i a |a,i) = O. (3.76) 
Therefore \4>f) can be proportional to \a,i) with a nonzero coefficient. 
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4 Discussion 



We have found that 36 vector states are classified into spin 7, spin 5, spin 3 and spin 1 
representation of SU(2). In addition, we have shown that the linear term in Xf in Taylor 
expansion of the zero energy wavefunction around the origin is proportional to the spin 1 
representation. 

Clearly brute-force calculation as the one we have made in this paper is too inefficient to 
construct states in higher representations of SO (9), and we have to invent more useful method 
to analyze them. We have found that \a,z) is given by acting Q a a on the singlet \S). Other 
states may be constructed similarly. For example, the traceless part of the following state: 

E [^^7%!^^ \S) , (4-1) 

(010203) 

where Yl( ai a2a 3 ) * s summation over permutations of 010203, must be proportional to 10x0203, i). 
The question is if the proportionality constant is zero or not. We did not check it, and similar 
problems arise for other representations. In general it is an interesting problem if there are 
states which cannot be constructed from \S) or not. 

Before constructing each states explicitly it is desirable to know multiplicities of repre- 
sentations in the 2 8 ( Ar2 ~ ^-dimensional vector space [5]. Related counting has been made in 
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